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typically slower than ~1kms™) might differ significantly from
what is assumed by current modelling efforts”. The expected
equation-of-state differences among small bodies (ice versus rock,
for instance) presents another dimension of study; having recently
adapted our code for massively parallel architectures (K. M. Olson
and E.A, manuscript in preparation), we are now ready to perform a
more comprehensive analysis.

The exploratory simulations presented here suggest that when a
young, non-porous asteroid (if such exist) suffers extensive impact
damage, the resulting fracture pattern largely defines the asteroid’s
response to future impacts. The stochastic nature of collisions
implies that small asteroid interiors may be as diverse as their
shapes and spin states. Detailed numerical simulations of impacts,
using accurate shape models and rheologies, could shed light on
how asteroid collisional response depends on internal configuration
and shape, and hence on how planetesimals evolve. Detailed
simulations are also required before one can predict the quantitative
effects of nuclear explosions on Earth-crossing comets and
asteroids, either for hazard mitigation® through disruption and
deflection, or for resource exploitation®. Such predictions would
require detailed reconnaissance concerning the composition and
internal structure of the targeted object. U
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Networks of coupled dynamical systems have been used to model
biological oscillators'™, Josephson junction arrays™, excitable
media’, neural networks®'’, spatial games', genetic control
networks'? and many other self-organizing systems. Ordinarily,
the connection topology is assumed to be either completely
regular or completely random. But many biological, technological
and social networks lie somewhere between these two extremes.
Here we explore simple models of networks that can be tuned
through this middle ground: regular networks ‘rewired’ to intro-
duce increasing amounts of disorder. We find that these systems
can be highly clustered, like regular lattices, yet have small
characteristic path lengths, like random graphs. We call them
‘small-world’ networks, by analogy with the small-world
phenomenon'*" (popularly known as six degrees of separation).
The neural network of the worm Caenorhabditis elegans, the
power grid of the western United States, and the collaboration
graph of film actors are shown to be small-world networks.
Models of dynamical systems with small-world coupling display
enhanced signal-propagation speed, computational power, and
synchronizability. In particular, infectious diseases spread more
easily in small-world networks than in regular lattices.

To interpolate between regular and random networks, we con-
sider the following random rewiring procedure (Fig. 1). Starting
from a ring lattice with n vertices and k edges per vertex, we rewire
each edge at random with probability p. This construction allows us
to ‘tune’ the graph between regularity (p = 0) and disorder (p = 1),
and thereby to probe the intermediate region 0 < p <1, about
which little is known.

We quantify the structural properties of these graphs by their
characteristic path length L(p) and clustering coefficient C(p), as
defined in Fig. 2 legend. Here L(p) measures the typical separation
between two vertices in the graph (a global property), whereas C(p)
measures the cliquishness of a typical neighbourhood (a local
property). The networks of interest to us have many vertices
with sparse connections, but not so sparse that the graph is in
danger of becoming disconnected. Specifically, we require
n >k > In(n) > 1, where k> In(n) guarantees that a random
graph will be connected®. In this regime, we find that
L~n/2k>> 1 and C~3/4 as p— 0, while L = L 4,.,~In(m)/In(k)
and C = C,,,gom~k/n < 1 as p— 1. Thus the regular latticeat p = 0
is a highly clustered, large world where L grows linearly with #,
whereas the random network at p = 1 is a poorly clustered, small
world where L grows only logarithmically with n. These limiting
cases might lead one to suspect that large C is always associated with
large L, and small C with small L.

On the contrary, Fig. 2 reveals that there is a broad interval of p
over which L(p) is almost as small as L ngom Yet C(p) > Cndom-
These small-world networks result from the immediate drop in L(p)
caused by the introduction of a few long-range edges. Such ‘short
cuts’ connect vertices that would otherwise be much farther apart
than L,,,dom- For small p, each short cut has a highly nonlinear effect
on L, contracting the distance not just between the pair of vertices
that it connects, but between their immediate neighbourhoods,
neighbourhoods of neighbourhoods and so on. By contrast, an edge
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removed from a clustered neighbourhood to make a short cut has, at
most, a linear effect on C; hence C(p) remains practically unchanged
for small p even though L(p) drops rapidly. The important implica-
tion here is that at the local level (as reflected by C(p)), the transition
to a small world is almost undetectable. To check the robustness of
these results, we have tested many different types of initial regular
graphs, as well as different algorithms for random rewiring, and all
give qualitatively similar results. The only requirement is that the
rewired edges must typically connect vertices that would otherwise
be much farther apart than L ,,dom-

The idealized construction above reveals the key role of short
cuts. It suggests that the small-world phenomenon might be
common in sparse networks with many vertices, as even a tiny
fraction of short cuts would suffice. To test this idea, we have
computed L and C for the collaboration graph of actors in feature
films (generated from data available at http://us.imdb.com), the
electrical power grid of the western United States, and the neural
network of the nematode worm C. elegans'’. All three graphs are of
scientific interest. The graph of film actors is a surrogate for a social
network'®, with the advantage of being much more easily specified.
It is also akin to the graph of mathematical collaborations centred,
traditionally, on P. Erdds (partial data available at http://
www.acs.oakland.edu/~grossman/erdoshp.html). The graph of
the power grid is relevant to the efficiency and robustness of
power networks'”. And C. elegans is the sole example of a completely
mapped neural network.

Table 1 shows that all three graphs are small-world networks.
These examples were not hand-picked; they were chosen because of
their inherent interest and because complete wiring diagrams were
available. Thus the small-world phenomenon is not merely a
curiosity of social networks'* nor an artefact of an idealized

Random

Regular Small-world

p= 0 - >» p=1
Increasing randomness

Figure 1 Random rewiring procedure for interpolating between a regular ring
lattice and a random network, without altering the number of vertices or edges in
the graph. We start with a ring of n vertices, each connected to its k nearest
neighbours by undirected edges. (For clarity, n = 20 and k = 4 in the schematic
examples shown here, but much largern and k are used in the rest of this Letter.)
We choose a vertex and the edge that connects it to its nearest neighbour in a
clockwise sense. With probability p, we reconnect this edge to a vertex chosen
uniformly at random over the entire ring, with duplicate edges forbidden; other-
wise we leave the edge in place. We repeat this process by moving clockwise
around the ring, considering each vertex in turn until one lap is completed. Next,
we consider the edges that connect vertices to their second-nearest neighbours
clockwise. As before, we randomly rewire each of these edges with probability p,
and continue this process, circulating around the ring and proceeding outward to
more distant neighbours after each lap, until each edge in the original lattice has
been considered once. (As there arenk /2 edges in the entire graph, the rewiring
process stops after k/2 laps.) Three realizations of this process are shown, for
differentvalues of p. Forp = 0, the original ring is unchanged; asp increases, the
graph becomes increasingly disordered until for p = 1, all edges are rewired
randomly. One of our main results is that for intermediate values of p, the graph is
a small-world network: highly clustered like a regular graph, yet with small
characteristic path length, like a random graph. (See Fig. 2.)
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model—it is probably generic for many large, sparse networks
found in nature.

We now investigate the functional significance of small-world
connectivity for dynamical systems. Our test case is a deliberately
simplified model for the spread of an infectious disease. The
population structure is modelled by the family of graphs described
in Fig. 1. At time ¢ = 0, a single infective individual is introduced
into an otherwise healthy population. Infective individuals are
removed permanently (by immunity or death) after a period of
sickness that lasts one unit of dimensionless time. During this time,
each infective individual can infect each of its healthy neighbours
with probability r. On subsequent time steps, the disease spreads
along the edges of the graph until it either infects the entire
population, or it dies out, having infected some fraction of the
population in the process.

Table 1 Empirical examples of small-world networks

Lac(ual Lrandom cac{ua\ Crandom
Film actors 3.65 2.99 0.79 0.00027
Power grid 18.7 12.4 0.080 0.0056
C. elegans 2.65 2.25 0.28 0.05

Characteristic path length L and clustering coefficient C for three real networks, compared
to random graphs with the same number of vertices (n) and average number of edges per
vertex (k). (Actors:n = 225,226,k = 61. Power grid: n = 4,941,k = 2.67.C. elegans:n = 282,
k = 14.) The graphs are defined as follows. Two actors are joined by an edge if they have
acted in a film together. We restrict attention to the giant connected component™ of this
graph, which includes ~90% of all actors listed in the Internet Movie Database (available at
http://us.imdb.com), as of April 1997. For the power grid, vertices represent generators,
transformers and substations, and edges represent high-voltage transmission lines
between them. For C. elegans, an edge joins two neurons if they are connected by either
a synapse or a gap junction. We treat all edges as undirected and unweighted, and all
vertices as identical, recognizing that these are crude approximations. All three networks
show the small-world phenomenon: L = L, gom bUt C > Cnd0m-
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Figure 2 Characteristic path length L(p) and clustering coefficient C(p) for the
family of randomly rewired graphs described in Fig. 1. Here L is defined as the
number of edges in the shortest path between two vertices, averaged over all
pairs of vertices. The clustering coefficient C(p) is defined as follows. Suppose
that a vertex v has k, neighbours; then at most k,(k, — 1)/2 edges can exist
between them (this occurs when every neighbour of v is connected to every other
neighbour of v). Let C, denote the fraction of these allowable edges that actually
exist. Define C as the average of C, over all v. For friendship networks, these
statistics have intuitive meanings: L is the average number of friendships in the
shortest chain connecting two people; C, reflects the extent to which friends of v
are also friends of each other; and thus C measures the cliquishness of a typical
friendship circle. The data shown in the figure are averages over 20 random
realizations of the rewiring process described in Fig. 1, and have been normalized
by the values L (0), C(0) for a regular lattice. All the graphs haven = 1,000 vertices
and an average degree of kK = 10 edges per vertex. We note that a logarithmic
horizontal scale has been used to resolve the rapid drop in L (p), corresponding to
the onset of the small-world phenomenon. During this drop, C(p) remains almost
constant at its value for the regular lattice, indicating that the transition to a small
world is almost undetectable at the local level.
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Two results emerge. First, the critical infectiousness rp ), at which
the disease infects half the population, decreases rapidly for small p
(Fig. 3a). Second, for a disease that is sufficiently infectious to infect
the entire population regardless of its structure, the time T(p)
required for global infection resembles the L(p) curve (Fig. 3b).
Thus, infectious diseases are predicted to spread much more easily
and quickly in a small world; the alarming and less obvious point is
how few short cuts are needed to make the world small.

Our model differs in some significant ways from other network
models of disease spreading®**. All the models indicate that net-
work structure influences the speed and extent of disease transmis-
sion, but our model illuminates the dynamics as an explicit function
of structure (Fig. 3), rather than for a few particular topologies, such
as random graphs, stars and chains®>. In the work closest to ours,
Kretschmar and Morris** have shown that increases in the number
of concurrent partnerships can significantly accelerate the propaga-
tion of a sexually-transmitted disease that spreads along the edges of
a graph. All their graphs are disconnected because they fix the
average number of partners per person at k = 1. An increase in the
number of concurrent partnerships causes faster spreading by
increasing the number of vertices in the graph’s largest connected
component. In contrast, all our graphs are connected; hence the
predicted changes in the spreading dynamics are due to more subtle
structural features than changes in connectedness. Moreover,
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Figure 3 Simulation results for a simple model of disease spreading. The
community structure is given by one realization of the family of randomly rewired
graphs used in Fig. 1. a, Critical infectiousness rnq, at which the disease infects
half the population, decreases with p. b, The time T(p) required for a maximally
infectious disease (r = 1) to spread throughout the entire population has essen-
tially the same functional form as the characteristic path length L (o). Evenifonly a
few per cent of the edges in the original lattice are randomly rewired, the time to
global infection is nearly as short as for a random graph.
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changes in the number of concurrent partners are obvious to an
individual, whereas transitions leading to a smaller world are not.

We have also examined the effect of small-world connectivity on
three other dynamical systems. In each case, the elements were
coupled according to the family of graphs described in Fig. 1. (1) For
cellular automata charged with the computational task of density
classification®, we find that a simple ‘majority-rule’ running on a
small-world graph can outperform all known human and genetic
algorithm-generated rules running on a ring lattice. (2) For the
iterated, multi-player ‘Prisoner’s dilemma’"' played on a graph, we
find that as the fraction of short cuts increases, cooperation is less
likely to emerge in a population of players using a generalized ‘tit-
for-tat’ strategy. The likelihood of cooperative strategies evolving
out of an initial cooperative/non-cooperative mix also decreases
with increasing p. (3) Small-world networks of coupled phase
oscillators synchronize almost as readily as in the mean-field
model’, despite having orders of magnitude fewer edges. This
result may be relevant to the observed synchronization of widely
separated neurons in the visual cortex” if, as seems plausible, the
brain has a small-world architecture.

We hope that our work will stimulate further studies of small-
world networks. Their distinctive combination of high clustering
with short characteristic path length cannot be captured by
traditional approximations such as those based on regular lattices
or random graphs. Although small-world architecture has not
received much attention, we suggest that it will probably turn out
to be widespread in biological, social and man-made systems, often
with important dynamical consequences. O
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